Two results concerning closed geodesies on a Riemann surface are proved. The method of proof indirectly involves the Lie product of two complex matrices.
1. Introduction. In this paper we extend the discussion given in [1] in which the Lie product AB -BA of A and B in SL(2, C) is used to derive a result on geodesies on a Riemann surface. The essential idea in [1] is to relate the Lie product to the geometry of hyperbolic three-space and then consider the given Riemann surface as the quotient of a hyperbolic plane section by an appropriate discrete group of isometries.
We shall relate the Lie product of A and B to the classical factorisation of A and B in terms of other isometries of order two and by doing so we reveal that the Theorem in [1] is merely one of a sequence of similar results.
2. Isometries of the hyperbolic plane. Let A denote the hyperbolic plane with p the hyperbolic metric; for the moment, we regard A as being embedded in the extended complex plane and the isometries of A are then Möbius transformations of z or z. Each conformai isometry is either elliptic, parabolic or hyperbolic. If A is elliptic, then A has a unique fixed point w in A and A is a hyperbolic rotation of angle 26, say, about w. Note that A can be expressed as A = o2o] where Oj is the reflection in a geodesic Lj passing through w. Either L, or L2 can be chosen arbitrarily; the remaining Lj is uniquely determined and L, and L2 intersect at w at an angle 0. If A is hyperbolic, then A fixes two distinct points on the boundary of A and the hyperbolic geodesic tA joining these points is called the axis of A. Note that \ZA is the unique ^-invariant geodesic in A. The displacement p(z, Az), z E A, is minimum when 2 is on tA and then the displacement is the translation length TAofA.
Any hyperbolic A can be expressed as A = o2ox with each a of order two in two different ways. First, we choose two points w, and w2 on tA with w2 halfway between w, and Aw¡ (so p(w,, w2) = \TA). Note that w, or vv2 can be chosen arbitrarily and the remaining w. is then uniquely determined. The first factorisation of A is A = o2ol where o, is a rotation of order two about Wj. The second factorisation is obtained by constructing the geodesies Lj through Wj and orthogonal to tA. Then A = o2o] where Oj now denotes reflection in Lj.
The essential step in [1] is to prove that if A, B and ABA are hyperbolic with axes tA, £B meeting at w, then tABA also passes through w. In fact, ABA is necessarily hyperbolic (whether or not (A, B) is discrete) and we can give a simpler proof of a more general result. Theorem 1. Let A and B be isometries with no common fixed point and let C = ABA.
(i) If A and B are hyperbolic with tA and tB meeting at w in A, then C is hyperbolic and £c also passes through w.
(ii) If A and B are hyperbolic with tA and tB disjoint, let L be the unique geodesic orthogonal to tA and £B. If C is hyperbolic then £c is also orthogonal to L; if C is elliptic or parabolic then the fixed point of C lies on L.
(iii) If A and B are elliptic, let L be the geodesic containing the fixed points of A and B. If C is hyperbolic then £c is orthogonal to L; if C is elliptic or parabolic then the fixed point of C lies on L.
(iv) If one of A and B is hyperbolic and the other is elliptic or parabolic, let L be the geodesic through the elliptic or parabolic fixed point and orthogonal to the hyperbolic axis. If C is hyperbolic then £c is orthogonal to L; if C is elliptic or parabolic then the fixed point of C lies on L.
Proof. If A and B are hyperbolic then, as A and B have no common fixed point, their axes either meet in A (as in (i)) or have a common orthogonal (as in (ii)).
We show that in every case we can write
where a,, o2 and o3 are either all rotations of order two or all reflections in geodesies. Then ABA = (oxo3ox)o2 = o4o2
say. If the a, (j -1,2,3) are rotations of order two then so is a4. Note that in this case, if Wj is the fixed point of o,, then w4 ¥= w2 (because wA = ox(w3) and so w4 = w2 implies that w,, w2, w3 are collinear which, in turn, implies that tA = £B). It follows that in this case, ABA is hyperbolic with tABA passing through the fixed point of o2. If the Oj (j -1,2,3) are reflections, then so is o4, and ABA is elliptic or parabolic when L4 and L2 meet (Lj being the line of fixed points of o-), and it is hyperbolic when L4 and L2 are disjoint. In the first case, the fixed point of ABA is the point L4 fl L2 and this is on L2; in the second case tABA is orthogonal to L2 (and to L4).
These remarks combined with the following explicit description of the factorisation (1) in each of the cases (i)-(iv) yield the desired result. In case (i), we simply put w2 = w and let o2 be the rotation of order two about w2. The rotations o, and o3 are chosen appropriately with fixed points on tA and £B respectively and (as already noted) tABA passes through »v. In cases (ii), (iii) and (iv) we simply let o2 be the reflection in L and the proof is complete.
3. Lie products. We have deliberately proved Theorem 1 without reference to Lie products; we now relate the proof of Theorem 1 to the concept of a Lie product. First, we briefly review the geometry of hyperbolic space. Finally, suppose that one of A and B is hyperbolic with axis £ and that the other is elliptic with fixed point w in A'. Let L be the geodesic in A' through w and orthogonal to L: then L is the axis of <p(A, B) and <p(A, B) acts on A' as a reflection in L. These observations constitute a proof of the following result.
Theorem 2. Let A and B be in SL(2, R) and be either hyperbolic or elliptic. Then the Lie product <p(A, B) leaves A' invariant and its action on A' is precisely that of o2 described in the proof of Theorem 1.
In fact, it is possible (though probably not useful) to represent all of the ay described earlier in terms of Lie products. Suppose for example, that A and B are hyperbolic with tA and £fl meeting at w. Then A = oxo2 and A has a square root Ax/2 (with the same axis but one half of the translation length of A) and X = AX/2B(AX/2)'X is hyperbolic with its axis meeting tA at w,. We deduce that a, = <p(A, X).
4. Matrix computation. It is possible to prove Theorem 1 simply by computing matrices. For example, to prove (i) we may assume that A is the unit disc and that w = 0. It is then only necessary to show that the sum of the fixed points of ABA is zero and this is easily established from the coefficients of ABA.
5. Geodesies on a Riemann surface. Let R be any Riemann surface with the hyperbolic plane as its universal covering surface. Exactly as in [1] we observe that if two closed geodesies on R intersect at w, say, then infinitely many closed geodesies on R pass through w. This is Theorem l(i): note that the remark [1, p. 141] is a direct consequence of our factorisation (1). Theorem l(ii) also yields a result about geodesies on R, namely given two closed disjoint geodesies L, and L2 on R then there are infinitely many closed geodesies orthogonal to the unique geodesic L which is itself orthogonal to L, and L2. The equivalent statement to the remark [l,p. 141] is that if, in Theorem l(ii), the isometries A and B are oriented in opposite directions, then tABA lies between tA and £B. Note also that we could take B to be a conjugate of A; thus the above interpretation also holds when Lx -L2. Clearly Theorem l(iii) and (iv) also have similar interpretations in terms of quotient spaces by Fuchsian groups with elliptic elements.
